Introduction
In this paper, we use the theory of perfectoid spaces to study torsion points in an abelain variety and ordinary CM points in a product of Siegel moduli spaces.
We at first reprove Raynaud's theorem [15] , which is also known as the Manin-Mumford conjecture.
Theorem 1.0.1 (Raynaud [15] ). Let F be a number field. Let A be an abelian variety over F and V a closed subvariety of A. If V contains a dense subset of torsion points of A, then V is the translate of an abelian subvariety of A by a torsion point.
We study the perfectoid universal covers of A at certain finite places of F in order to apply a result of Poonen [13] over finite fields. Besides, we use a lemma in [15] coming from a weak lower bound on the Galois orbits of ramified torsion points over local fields. The same statement in Theorem 1.0.1 can be proved for semi-abelian varieties via the same approach, assuming the above-mentioned lemma for semiabelian varieties. Among other proofs of Theorem 1.0.1, the work of Pila and Zannier [12] is influential. They study the complex universal cover of A in order to apply a result in the theory of o-minimality. Besides, they need a strong lower bound on the Galois orbits of general torsion points over number fields.
Our second result is about the Tate-Voloch conjecture for Shimura varieties. Let p be a prime number. Let X be a product of Siegel moduli spaces over Q p with arbitrary level structures. The same statement in Theorem 1.0.2 is true replacing XQ p by a closed subvariety (in particular, a product of Shimura varieties of Hodge type). This is immediately from the definition of the distance d(x, Z) which is as follows. Let · be a p-adic valuation onQ p . Let OQ p be the ring of integers ofQ p . Q p . Let X be an integral model of X over OQ p such that the Zariski closure of every CM point x is an OQ p -point of X, which we denote by x • . Let I be the ideal sheaf of the Zariski closure of Z in X OQ p . Let U ⊂ X OQ p be an affine open subscheme flat over OQ p which contains x • . If f ∈ I(U ), then f (x) ∈ OQ p . Define d(x, Z) to be the supremum of f (x) 's over all such U 's and f 's. The definition of the distance depends on the model X. In fact, there are different definitions of the distance, depending on a model of not, and the truth of Theorem 1.0.2 does not depend on the choice of the definition, see [16, Section 1] .
Our proof uses the ordinary perfectoid Siegel spaces. For a power of the modular curve without level structure, Theorem 1.0.2 is proved by Habegger. Habegger's proof relies on certain results in the theory of o-minimality.
The use of perfectoid spaces in this work is inspired by Xie's recent work [26] . 1 . 1 . Sketch of the proof of Theorem 1.0. 1 . We simply consider the case when V does not contain any translate of a nontrivial abelian subvariety. Suppose that A has good reduction at a place of F unramified over a prime number p. Choose a certain perfectoid field K over Q p and its tilt K ♭ which containsF p (see 2.3) . Let A perf be the adic space associated to the inverse limit of A K , where the transition morphisms are multiplication by p, which we denote by [p] . Then A perf is a perfectoid space. Let A perf♭ be the adic space associated to the inverse limit of the base change to K ♭• of the reduction of A at p. Then there is an homeomorphism ρ : A perf ≃ A perf♭ by the theory of perfectoid spaces [18] . Let Λ n be a suitable set of reductions of unramified torsions in [p n ] −1 (V ), and Λ Zar n its Zariski closure in the base change toF p of the reduction of A. Use the homeomorphism ρ to lift the preimage of Λ Zar n in A perf♭ to A perf , then map the resulted points to A. We call the points in the image "liftings" at this moment. A variant of Scholze's approximation lemma [18] shows that as n get larger, the liftings are closer to V (see Proposition 4. 1.2) . Take a limit, we get certain liftings in V . Now suppose that V contains infinitely many torsions and p > 2. A lemma of Raynaud [15] (see Lemma A. 2. 3) allows us to assume that Λ n is infinite. A result of Poonen [13] (see Theorem A. 1.1) shows that the size of the set of prime-to-p torsions in Λ Zar n is not small. Then the liftings give a certain lower bound on the size of the set of prime-to-p torsions in V (see Proposition 4. 1.3 (1) ). Now consider the l-adic perfectoid space associated to A where l > 2 is a good prime number. By the same approach, with the lower bound for prime-to-p torsions as input, we find a certain lower bound on the size of prime-to-l torsions in V (see Proposition 4. 1.3 (2) ), which is better than the one for prime-to-p torsions. Here we use the fact that the l-rank of an abelian variety overF l is at most its dimension. Repeatedly improving such lower bounds, we get a contradiction as A is of finite dimensional. 6 . 1.1) . Then we use the ordinary perfectoid Siegel space associated to X and the perfectoid universal covers of Serre-Tate deformation spaces to translate this result to the desired Theorem 1.0.2. Remark 1.2. 1 . Let C p be the completion ofQ p . The original Tate-Voloch conjecture [24] is about torsion points in a semi-abelian variety over C p . This conjecture is proved by Scanlon [16] [17] when the semiabelian variety is defined overQ p , and the proof employs model theory and p-adic Hodge theory. For a power of the modular curve without level structure, Habegger [6] allows subvareties defined over C p , and shows that the ordinary condition is necessary. 1 . 3 . Possible generalizations. For Shimura varieties of Hodge type, the ordinary locus in the usual sense could be empty. In this case, we consider the notion of µ-Ordinariness (see [25] ). Then following our strategy, there are three problems to be addressed. At first, a Serre-Tate theory for µ-Ordinary CM points. For Shimura varieties of Hodge type, see [7] and [23] . Secondly, a global Serre-Tate theory in characteristic p. For Shimura varieties of PEL type, such result should be known to experts. Thirdly, perfectoid covers of Shimura varieties. This is done in [19] and [20] . 1.4 . Organization of the Paper. The preliminaries on adic spaces and perfectiod spaces are given in Section 2. We introduce the perfectoid universal cover of an abelian scheme in 3.1. The readers may skip these materials and only come back for references. We set up notations for the proof of Theorem 1.0.1 in 3.2, then prove Theorem 1.0.1 in Section 4. We introduce the ordinary perfectoid Siegel space and set up notations for the proof of Theorem 1.0.2 in 5.1-5. 3 . The reader may skip 5.4 which is about Chai's global Serre-Tate theory, and come back for references. Then we prove Theorem 1.0.2 in Section 6.1. Appendix A contains results of Poonen and Raynaud used in our work.
Adic spaces and perfectiod spaces
Let K be a non-archimedean field. Let · K ( · for short) be the valuation on K. be an open integrally closed subring. Such a pair (R, R + ) is called an affinoid K-algebra. Let X = Spa(R, R + ) be the topological space whose underlying set is the set of equivalent classes of continuous valuations | · (x)| on R such that |f (x)| ≤ 1 for every f ∈ R + and topology is generated by the subsets of the form
There is a natural presheaf O X on X (see [18, p 10] ). If O X is a sheaf, then the affinoid K-algebra (R, R + ) is called sheafy, and Spa(R, R + ) is called an affinoid adic space over K. An affinoid (K, K • )-algebra is an affinoid K-algebra (R, R + ) with a structure morphism (K,
is a locally ringed topological space whose structure sheaf is a sheaf of complete topological K-algebras, and | · (x)| is an equivalence class of continuous valuation on the stalk O X ,x for each x ∈ X . Definition 1. An adic space X over K is an object in (V ) which is locally on X an affinoid adic space. An adic space over Spa(K, K • ) is an adic space over K with a morphism to Spa(K, K • ). Let X and Y be two adic spaces over Spa(K, K • ). A morphism between X and Y is a morphism in (V ) compatible the morphisms to Spa(K, K • ). Let Adic (K,K • ) be the category of adic spaces over Spa(K, K • ). Assumption 1. Let (R, R + ) be an affinoid (K, K • )-algebra and x ∈ Spa(R, R + ). We always choose one representative | · (x)| in the equivalence class of x such that for any f ∈ K, |f (x)| = f K .
Definition 2.
Let X be an adic space over Spa(K, K • ). The set of morphisms Spa(K, K • ) → X in the category Adic (K,K • ) is denoted by X (K, K • ).
There is a natural inclusion X (K, K • ) ֒→ X by mapping a morphism Spa(K, K • ) → X to its image. We always identify X (K, K • ) as a subset of X by this inclusion.
2.1.2.
Adic generic fibers of certain formal schemes. A Tate K-algebra R is called of topologically finite type (tft for short) if R is a quotient of K T 1 , T 2 , ..., T n . In particular, it is equipped with the ̟-adic topology. Similarly define K • -algebras of tft. By [2, 5.2. 6 .Theorem 1] and [8, Theorem 2.5] , if R is of tft, then an affinoid K-algebra (R, R + ) is sheafy. Similar to [1, 7.4] , we naturally have a functor from the category of formal schemes over K • locally of tft to Adic (K,K • ) such that the image of SpfA is
Let X be a formal schemes over K • locally of tft. The image of X under this functor is called the adic generic fiber of X We usually denote the adic generic fiber of X by X . We have an easy consequence. Lemma 2.1. 1 . Let X be the adic generic fiber X. Then there is a natural bijection X(K • ) ≃ X (K, K • ).
2.1.3.
Generalized adic generic fibers. We are interested in certain infinite covers of abelian schemes and ordinary loci of Siegel moduli spaces. They are not of tft. We need to generalize Definition 3. In [21] , the category of adic spaces over Spa(K, K • ) is enlarged in a sheaf-theoretical way. Let Adic sh (K,K • ) be the category of sheaf-theoretical adic spaces over Spa(K, K • ). Then the category of affinoid adic space is a full subcategory of Adic sh (K,K • ) . Proposition 2. 1.2. [21, Proposition 2. 1.6] There is a unique category equivalence from the full subcategory of Adic sh (K,K • ) of objects with an open cover by affinoid adic spaces over Spa(K, K • ) to the category Adic (K,K • ) , which induces the identity functor on the category of affinoid adic spaces over Spa(K, K • ).
The adic generic fiber construction extends to the category of formal schemes over K • which locally admits a finitely generated ideal of definition, which sends such a formal scheme to a sheaf-theoretical adic space, see [21, 2.2] .
Definition 4. Suppose that the sheaf-theoretical adic generic fiber of X has an open cover by affinoid adic spaces over Spa(K, K • ), then the adic generic fiber of X is the image of sheaf-theoretical adic generic fiber of X under the category equivalence in Proposition 2. 1 3 . Let X be the adic generic fiber of X, there is a natural bijection X(K • ) ≃ X (K, K • ).
2.2.
Tube neighborhoods and the distance function. Let K be a nonarchimedean field.
Tube neighborhoods.
Let X = SpfB, where B is a flat K • -algebra of tft. Let Z be a closed formal subscheme defined by a finitely generated closed ideal I. Let X be the adic generic fiber of X. Then Definition 5 immediately implies the following lemmas.
Let X be a K • -scheme of finite presentation, and X the ̟-adic formal completion of X. Let X be the adic generic fiber of X. We also call X the adic generic fiber of X. Let Z be a closed subscheme of X K . We define tube neighborhoods of Z in X as follows (see See also [18, Proposition 8.7] ).
Suppose that X is affine. Let Z ⊂ X be the closed formal subscheme associated to the schematic closure of Z. Then Z is defined by a finitely generated closed ideal (see [5, 
.
If the schematic closure of Z has empty special fiber, then Z ǫ is empty.
To define tube neighborhoods in general, we need to glue affinoid pieces. We consider the following relative situation. Let Y be another affine K • -scheme of finite type, and Φ : Y → X a K • -morphism. Let W be the preimage of Z which is a closed subscheme of Y K , and W ǫ its ǫ-neighborhood. By the functoriality of formal completion and taking adic generic fibers, we have an induced morphism Ψ : Y → X . From the fact that schematic image is compatible with flat base change (see [3, 2.5 , Proposition 2]), we easily deduce the following lemma. As a corollary of Lemma 2.2.5, this definition is independent of the choice of the cover U.
Remark 2.2. 6 . The ǫ-neighborhood Z ǫ has a natural structure of an adic space over Spa(K, K • ). However, for our purpose, we only need to consider Z ǫ as a topological space. A finite extension of K has a natural structure of a non-archimedean field (see [2] ). LetK be an algebraic closure of K. The above discussion is naturally generalized to x ∈ X(K) and Z ⊂ XK. Proof. By Lemma 2.2.7, we may assume that Y = SpecB and X = SpecA where A is a subring of B. Let Z ′ be a closed subscheme of YK. We need to show that d(x ′ , Z ′ ) has a positive lower bound for
Define the dimension of Z ′ to be the maximal dimension of the irreducible components of Z ′ . We allow Z ′ to be empty, in which case we define its dimension to be −1. We do induction on the dimension of Z ′ . Then the dimension −1 case is trivial. Suppose such a lower bound does not exists, then there exists a sequence of
We will find a contradiction. Let Z be the schematic image of Z ′ by π,
Since JB ⊗ L • is finitely generated, there exists a positive integer r such that ⊃ ̟ r JB ⊗ L • . Thus d(x n , Z) → 0 as n → ∞. Since T is of Tate-Voloch type, x n ∈ Z(K) for n large enough. We may assume that every x n ∈ Z(K). Since
This contradicts the induction hypothesis. Thus d(x ′ , Z ′ ) has a positive lower bound for x ′ ∈ T ′ − Z ′ (K). Now we prove the claim. Let the schematic closure of Z 1 in Y L • be defined by an ideal
Then the schematic closure of Z ′ Z 1 is defined by the following ideal of B ⊗ L • :
which is finitely generated. Thus there exists a positive integer s such that (
We fix the perfectoid fields throughout this paper. Let k =F p , W = W (k), and
For each integer n > 0, let µ p n be a primitive p n -th root of unity inL such that µ p
This morphism is well-defined since (µ p n − 1) p m ≃ µ p n−m − 1( mod ̟) for m < n. Easy to check this morphism is an isomorphism. Thus K ♭ is the tilt of K (see [18, Lemma 3.4] ). Let K − Perf (resp. K ♭ − Perf) be the category of perfectoid K-algebras (resp. K ♭ -algebras) (see [18, Definition 9. Let R be an object in K − Perf, its image under this equivalence is denoted by R ♭ , and is called the tilt of R. We also use φ ♭ to denote the image of a morphism φ in K − Perf under this equivalence, and call φ ♭ the tilt of φ.
The proof of Theorem 2.3.1 in [18] implies the following propositions.
We have an explicit construction of the ♯-map. Only need to consider the case f ∈ R ♭• . By Proposition 2. 3 
which converges and is independent of the choices of f n 's.
There is an equivalence between the category of perfectoid affinoid K-algebras and the category of perfectoid affinoid K ♭ -algebras: let R ♭ be the tilt of R, and R ♭+ = lim ← −
We call (R ♭ , R ♭+ ) the tilt of (R, R + ). We have an analog of Proposition 2.3.2 (2).
(2) The map ρ is a homeomorphism.
(2) Let X be a perfectoid space over K. The tilt of X is a perfectoid space over K ♭ , which we denote by X ♭ , such thar for any perfectoid affinoid K-algebra (R, R+) and its tilt (R ♭ , R ♭+ ), the functorial map
is a bijection.
By [18, Proposition 6.17] , the tilt X ♭ of X in Definition 11 (2) exists and is unique. Moreover, there is a category equivalence between the category of perfectoid spaces over K and the category of perfectoid spaces over K ♭ such that the image of X under this equivalence is X ♭ . The image of a morphism Φ between perfectoid spaces over K is denote by Φ ♭ , and is the called the tilt of Φ. The construction ρ in Theorem 2.3.6 glues and gives a homeomorphism ρ X : X ≃ X ♭ for any perfectoid space X over K. We usually use ρ to denote ρ X if the meaning is clear.
We call ρ X the tilting homeomorphism between X and X ♭ .
So we also use ρ X (ρ for short) to denote the bijection X (K, 
2.3.1.
Tilting and reduction. Now we discuss the relation between tilting and reduction. Let (R, R + ) be a perfectoid affinoind (K, K • )-algebra and (R ♭ , R ♭+ ) a perfectoid affinoind ( 
The following lemma follows from (2.1), Proposition 2.3.5 and 2.3.7 .
Similar result holds for G l,perf = Spa(R, R • ) where
Thus we regard (SpecS)(k) as a subset of X ♭ .
with g c,i ∈ S and only finitely many g c,i = 0, such that for any x ∈ X , we have
K ♭ > ̟ 1−b+c , a contradiction. Impose the following assumption.
Let X n is the adic generic fiber of SpecS n ⊗ K ♭• . Then we have a natural morphism π n : X ♭ → X n . We also use π n to denote the morphism (SpecS)(k) → (SpecS n )(k). We have natural maps
by which we regard (SpecS n )(k) as a subset of X n . For each n, let Λ n ⊂ (SpecS n )(k) be a set of k-points. Let Λ Zar n be the Zariski closure of Λ n in SpecS n . Now we have the following spaces and sets:
Our variant of Scholze's approximation lemma is as follows.
Proposition 2. 4.4 . Assume that Λ n ⊂ π n (ρ(Ξ)) for each n. Then for each ǫ ∈ K × , there exists a positive integer n such that |f (
There exists a positive integer n(c) such that g c,i ∈ S n(c) for all i by the finiteness of the sum. By the assumption, any element x ∈ Λ n(c) can be written as π n(c) • ρ(y) where y ∈ Ξ. By (2.3), |g c (ρ(y))| ≤ ̟ 1−b+c . Then by Lemma 2. 4.3 and that ρ(y) ∈ (SpecS)(k), g c,i (ρ(y)) = 0. Since g c,i ∈ S n(c) , g c,i (x) = 0. Thus g c,i lies in the ideal defining Λ Zar n(c) . So g c,i (x) = 0 for any x ∈ Λ Zar n(c) (k). By (2.3), for any x ∈ Λ Zar n(c) (k), we have |f (ρ −1 (π −1 n(c) (x)))| ≤ ̟ 1−b+c ≤ ǫ .
Perfectoid universal cover of an abelian scheme
Let K and K ♭ be the perfectoid fields in 2. 3 . Let A be a formal abelian scheme over K • . We first recall the perfectoid universal cover of A and its tilt constructed in [11, Lemme A.16 ]. Then we study the relation between tilting and reduction.
3.1.
Perfectoid universal cover of an abelian scheme. Let A ′ oevr SpfK ♭• be a formal abelian scheme. Assume that there is an isomorphism
Here the transition maps [p] are the morphism of multiplication by p and inverse limits exist in the categories of ̟-adic and ̟ ♭ -adic formal schemes (see [11, Lemme A.15] 
an affine open formal subscheme such that the restriction of (3.1) to SpfR
Definition 13. Let A perf (resp. A ′perf ) be the adic generic fiber ofÃ (resp.Ã ′ ) (see Definition 4).
By Lemma 3.1.1, A perf and A ′perf are perfectoid spaces. And we can write down affinoid covers of A perf and A ′perf . Moreover, A ′perf is the tilt of A perf . Thus we use A perf♭ to denote A ′perf . We call A perf (resp. A perf♭ ) the perfectoid universal cover of A (resp. A ′ ). Regard A perf (resp. A perf♭ ) as an object in Adic (K,K • ) (resp. Adic (K ♭ ,K ♭• ) ) naturally. By Lemma 2.1.3, there are natural bijections
Let A (resp. A ′ ) be the adic generic fiber of A (resp. A ′ ). By Lemma 2.1.1, we have natural bijections
,and A perf♭ (K ♭ , K ♭• ) are defined to be the ones induced from the natural bijections above.
By the functoriality of taking adic generic fibers, we have morphisms
where the bottom map is given by π n 's. We immediately have the following lemma. Now we study torsion points in the inverse limit. We set up some group theoretical convention once for all. Let G be an abelian group. We denote by G[n] the subgroup of elements of orders dividing n and by G tor the subgroup of orsion elements. For a prime p, we use G[p ∞ ] to denote the subgroup of p-primary torsion points, and G p ′ −tor to denote the subgroup of prime-to-p torsion points. Then 
Lemma 3.1. 5 . There are group isomorphisms
where the second isomorphism is the restriction of π n . Similar result holds for A ′ and A perf♭ .
Proof. The first isomorphism is from Lemma 3.1.2 and 3.
for any natural number n coprime to p. The second isomorphism follows.
Proposition 3.1. 6 . The natural bijection
(see Definition 11 (2)) is a group isomorphism Proof. We only show the compatibility of ρ with the multiplication maps, i.e. we show that the following diagram is commutative:
Here the vertical maps are the multiplication maps on corresponding groups.
We did not define the fiber product of two adic spaces, here two A perf 's. We have a replacement. Consider the formal abelian schemes B = A × A and B ′ = A ′ × A ′ . We do the same construction to get their perfectoid universal covers B perf and B perf♭ . The multiplication morphism B → A induces m : B perf → A perf . The multiplication morphism B ′ → A ′ induces m ′ : B perf♭ → A perf♭ . By (3.1) and Proposition 2. 3.5 , m ′ = m ♭ . By functoriality, we have a commutative diagram
We only need to show that this diagram can be identified with the diagram we want. For example we show that the top horizontal maps in the two diagrams coincide, i.e. a commutative diagram
is a group isomorphism by passing to formal schemes. Similarly we have an isomorphism
. The commutativity is implied by that p ′ i = p ♭ i , which is from (3.1) and Proposition 2.3.5.
Tilting and reduction. Let
A be an abelian scheme over W , A K • be its base change to K • , A be the adic generic fiber of A K • . Let A k be the special fiber of A, and A ′ be the base change A k ⊗ K ♭• with adic generic fiber A ′ . Since
we can apply the construction in Lemma 3.1.1 to the formal completions of A k ⊗ k K • and A ′ . Then we have the perfectoid universal cover A perf of the ̟-adic formal completion of A K • , the perfectoid universal cover A perf♭ of the ̟ ♭ -adic formal completion of A K ♭• , and the morphisms π n : A perf → A, π ′ n : A perf♭ → A ′ for each n ∈ Z ≥0 . Recall the following well-known results, which can be deduced from [22] .
(2) The reduction map gives an isomorphism
Now we relate reduction and tilting.
Lemma 3.2.2.
Let the unindexed maps in the following diagram be the naturals ones:
Then each map is a group isomorphism, and the diagram is commutative (up to inverting the arrows).
Proof. We may assume n = 0. Similarly, we have the following commutative diagram:
Here ι is induced from the inclusion A(W ) ֒→ A perf (K, K • ) and the isomorphism A perf (K, A(k) as a subset of A perf♭ (K ♭ , K ♭• ).
Proof of Theorem 1.0.1
In this section, we at first use the set up in 3.2 to translate the result of Poonen (see Theorem A. 1 .1) to a lower bound on prime-to-p torsion points in a subvariety. Then we prove Theorem 1.0.1.
4.1.
A lower bound. Let notations be as in 3.2. Let Z ⊂ A L be a closed subvariety. Define A(k) by the diagram. Now let
, the set Λ n can be defined purely by the reduction map as follows:
Let Λ Zar n be the Zariski closure of Λ n in A k . By Proposition 2. 4.4 and the definition of Λ n , we immediately have the following estimate. For ǫ ∈ K × , let Z ǫ be the ǫ-neighborhood of Z in A as in Definition 7. Then for any ǫ ∈ K × , there exists a positive integer n such that π 0 (ρ −1 (π ′ n −1 (Λ Zar n (k)))) ⊂ Z ǫ . Our lower bound on the size of the set of prime-to-p torsions in Z L is as follows. (1) If Λ is infinite, then for every prime number l = p, the image of the composition of
contains a translate of a free Q l /Z l -submodule of A(W )[l ∞ ] of rank 2. Here the map pr l is the projection to the l-primary component.
(2) If the image of the composition of
contains a translate of a free Q p /Z p -submodule of rank r, then for for every prime number l = p, the image of the composition of (4.2) contains a translate of a free Q l /Z l -submodule of A(W )[l ∞ ] of rank 2r. 
For each n ∈ Z >0 , we choose V n ⊂ Λ Zar n inductively such that A ′ is the minimal abelian subvariety of A k such that a certain translate a n +A ′ contains V n with [p]a n = a n−1 .
A(k).
Easy to prove the following lemma.
Fix a prime number l = p. Consider the following commutative diagram:
where the map pr is induced from pr l ⊕ pr p 's as n varies. Let a n,l be the l-primary part of a n . Then [p]a n,l = a n−1,l . The sequence {a n,l } ∞ n=0 gives a point a ∈ lim ← −
[p]
A(k)[l ∞ ]. By Theorem A. 1 
In particular, the composition of
contains the preimage of (a 0,
Then (1) follows.
(2) Let V 1 , . . ., V m be the irreducible components of Λ Zar 0 . Let A ′ i be the minimal abelian subvariety of A such that a certain translate of A ′ i contains V i . Since that the p-rank of A ′ i is at most its dimension, at least one A ′ i is of dimension at least r. Then (2) follows in the same vein as (1).
4.2.
The proof of Theorem 1.0.1. Now we prove Theorem 1.0.1. By the argument in [12] , we only need to prove the following weaker theorem. We save the the symbol A for the proof. 
contains a translate of a free Q l /Z l -submodule of A(L)[l ∞ ] of rank 2. Let u be another place of F , unramified over an odd prime number l = p , such that B has good reduction at u. Let B o be the reduction. Let M be the completion of the maximal unramified extension of F u . Then the composition
By Lemma A. 2.3, up to replacing V by [l n ]V for n large enough, G is contained in T . Combined with Corollary A. 2.2 (1) , the image of the composition of
contains a translate of a free Q l /Z l -submodule of rank 2. Here red u is the reduction map at u. Now we can apply Proposition 4. 1.3 (2) to conclude that for any prime number q = l, the composition
contains a translate of a free Q q /Z q -submodule of rank 4. Repeating this process (in fact, it is enough to only work at v and u), we get a contradiction as A is of finite dimension.
Ordinary perfectoid Siegel space and Serre-Tate theory
Let A be the ring of adeles of Q, U p ⊂ GSp 2g (A p f ) an open compact subgroup contained in the level-N -congruence subgroup for some N ≥ 3 prime to p. Let X = X g,U p over Z p be the Siegel moduli space of principally polarized g-dimensional abelian varieties over Z p -schemes with level-U p -structure. Let X o be special fiber of X. Let K and K ♭ be the perfectoid fields in 2.3. . Then Fr can /p = Fr (see [19, Theorem 3.2.15 (1)]). We also use Fr can and Fr to denote their base changes to K • and K ♭• respectively. Let
where the inverse limits are taken in the categories of ̟-adic and ̟ ♭ -adic formal schemes respectively. By [19, Corollary 3. 2.19 ],X(0) andX ′ (0) satisfy the condition in Definition 4, their corresponding adic genric fibers X (0) perf and X ′ (0) perf are perfectoid spaces, and X ′ (0) perf is the tilt of X (0) perf . Let
be the natural projections.
5.2.
Classical Serre-Tate theory. We use the adjective "classical" to indicate the Serre-Tate theory [10] discussed in this subsection, compared with Chai's global Serre-Tate theory to be discussed in 5.4. Let R be an Artinian local ring with maximal ideal m and residue field k, A/SpecR be an abelian scheme with ordinary special fiber A k . Let A ∨ k be the dual of A k . There is a Z p -module morphism from
] to 1 + m constructed precisely in [10] . We call this morphism the package of the classical Serre-Tate coordinates for A/SpecR. If A/SpecR is moreover a principally polarized abelian scheme. The package of Serre-Tate coordinates for A/SpecR is a Z p -module morphism
Here the supscript c indicates "classical". Unless necessary, we use q A/SpecR to denote q c A/SpecR . Let x ∈ X o (0)(k), and A x be the corresponding principally polarized abelian variety. Let M x the formal completion of X at x, and A/M x the formal universal deformation of A x . Then as part of the q-construction, there is an isomorphism of formal schemes over W :
whereĜ m is the formal completionof the multiplicative group scheme over W along the unit section.
In particular, M x has a formal torus structure. Moreover, if A k ≃ A x in (5.1), then (5.1) is the value of (5.2) at the morphism SpecR → M x induced by A. Let O(M x ) be the coordinate ring of M x with maximal ideal m x . From (5.2), we have a morphism of Z p -modules:
Fix a basis ξ 1 , ..., . An ordinary CM point y ∈ X(L cycl ) with reduction x is called of order p a w.r.t. the basis ξ 1 , ..., ξ g(g+1)/2 if q(ξ i )(y • ) is a p a (i) -th root of unity for each i = 1, ..., g(g + 1)/2.
Recall that we have fixed a primitive p n -th root of unity µ p n such that µ p p n+1 = µ p n .
Definition 16. An ordinary CM point y ∈ X(L cycl ) with reduction x is called a µ-generator w.r.t. the basis ξ 1 , ..., ξ g(g+1)/2 if for i = 1, ..., g(g + 1)/2, there exists an n i such that q(ξ i )(y • ) = µ p n i .
for short Then we have an isomorphism
Let
Let U → X o (0) be anétale morphism, z ∈ U (k) with image x. Then (5.4) gives an isomorphism
Definition 17. We call (5.5) the realization of the classical Serre-Tate coordinates of U /z at the basis ξ 1 , . . ., ξ g(g+1)/2 .
We have another description of (5.5). Let I n be a descending sequence of open ideals of O( U /z ) defining the topology of O( U /z ). Let R n := O( U /z )/I n , let A n be the pullback of the formal universal principally polarized abelian scheme over M x to SpecR n with special fiber A z which is isomorphic to A x . Let 
The sheaf theoretical adic generic fiber of X o (0) K ♭• /x has an open cover by
Thus X o (0) K ♭• /x satisfies the condition in Definition 4. Let D x be the adic generic fiber of X o (0) K ♭• /x . Then D x is is an adic subspace of X ′ (0) in the sense of Definition 1. Moreover, (5.6) gives an isomorphism
which we call the coordinate system on D x (K ♭ , K ♭• ) w.r.t. the basis ξ 1 , ..., ξ g(g+1)/2 . (1) For anyỹ ∈ π −1 (y K ) ⊂ X (0) perf , we have
(2) Suppose that y is a µ-generator of order p a w.r.t. the basis ξ 1 , ..., ξ g(g+1)/2 where a ∈ Z g(g+1)/2 ≥0 . Let I ⊂ {1, 2, ..., g(g + 1)/2} such that a i = 0 for i ∈ I. Then there existsỹ ∈ π −1 (y K ) ⊂ X (0) perf such that under the coordinate system (5.7), the i-th coordinate of π ′ • ρ X (0) perf (ỹ) ∈ D x is 0 for i ∈ I and is t 1/p a i for i ∈ I.
Proof.
We recall the effect of Fr can on M x (see [10, 4.1] ). Denote M x by M Ax . Then Fr can restricted to M Ax gives Fr can : M Ax → M A (σ)
x . Let σ(ξ 1 ), ..., σ(ξ g(g+1)/2 ) be the induced basis of Sym 2 (T p A (σ)
Then [10, Lemma 4.1. 2.] implies that (5.8) Fr can, * (q(σ(ξ i ))) = q(ξ i ) p .
We associate a perfectoid space to M x . Let
By the same proof as [19, Corollary 3. 2.19] ,M x,K • satisfies the condition in Definition 4, and its adic generic fiber M perf x is perfectoid. We similarly associated a perfectoid space M ′perf Similarly, we have ι ′ : M ′perf
x ֒→ X ′ (0) perf . By Proposition 2. 3.5 , ι ′ is the tilt of ι. Then by Corollary 2.3.9, we have
This proves (1). To prove (2), it is enough to consider 
Let A/U 0 be an abelian scheme, and A k be the special fiber of A. Then
, where the right hand side is regarded as a constant sheaf.
(2) Let U 1 = SpecB and U 2 = SpecB[T ]/T p n where B is an F p -algebra. Then for m ≥ n, the p m -th power of an element in (B[T ]/T p n ) × with constant term b is b p m . Consider the morphism
Easy to check that this morphism is an isomorphism. In particular,
(3) For any z ∈ U 1 (k), {z} × U1 U 2 ≃ U 0 . Then the restriction of the isomorphism (5.12) at z is the isomorphism (5.10).
Suppose A/U is ordinary. The package of global Serre-Tate coordinates for A/U is a homomorphism of Z p -sheaves For simplicity of notations, let us assume g = 1, and the basis is formed by ξ. The general case can be dealt in the same way. Let ∆ be the diagonal of U 1 × U 1 . Consider the morphism
where the first map is the projection to the second U 1 . Let A/ U 1 × U 1/∆ be the pullback of A univ | Uo .
Let O( U 1 × U 1/∆ ) be the coordinate ring of U 1 × U 1/∆ . By Proposition 5.4.3, we have (5.13) O(
Let U 2 = SpecB[[T ]]/T p n and A n be the restriction of A to U 2 . The package of the global Serre-Tate coordinates of A n /U 2 is a homomorphism of Z p -sheaves over U 2,et
Note that ξ gives a basis ξ n of Sym 2 (T p A n [p ∞ ] et )(U 2 ). Then we have
where the second isomorphism is (5.12) . Consider the morphism
where the first map is the projection and second map is the natural inclusion. Let T ST n ∈ B[T ]/T p n be φ n (q An/U2 (ξ n )) − 1. As n varies, T ST n 's give an element
We finished the construction of the realization of the global Serre-Tate coordinates.
We 
Proof. The restriction of (5.13) at z in the first U 1 gives an isomorphism O( . ., a (l) ) ∈ (p Z<0 ) l , let t a := (t a (1) , ..., t a (l) ) ∈ (K ♭ ) l . Let ·, · be the standard inner product on R l .
Let a n ∈ (p Z<0 ) l for positive integers n, such that lim n→∞ a (i)
be the restriction of f at z n . Then at least one of the following two cases happens:
(1) there exists D ∈ Z l ≥0 , and an infinite subsequence
Regard b m as a function on U , then b m (z n ) ∈ k. Suppose (1) does not hold, we look for a subsequence as in (2) . Claim: for any m, there are only finitely many z n 's such that b m (z n ) = 0. Indeed, if not so, let m be the minimal one such that there exists an infinite subsequence {n i } of {1, 2, ...} such that b m (z ni ) = 0. Then |f zn i (x ni )| = |t an i m | → 1 6.2. Siegel spaces with level structures away from p. Let X be a product of Siegel moduli spaces over Z p with certain level structures away from p. We at first prove Theorem 1.0.2 for X Qp . The results in Section 5 for a single Siegel moduli space can be applied to X. We prove Theorem 6.2.1 when X is a single Siegel moduli space as in Section 5. The general case is proved in the same way.
Let notations be as in Section 5. In particular, for an ordinary CM point x ∈ X(L cyc ), let x • ∈ X(K • ) be the Zariski closure of x K in X K • , and regard x • ∈ X(0)(K • ). Also regard x K ∈ X (K, K 
Proof. We at first have the following simplification on F .
Thus we may assume that F ⊂ K, equivalently, F ⊂ L cycl .
Let U be the intersection of the formal completion of U along its special fiber with X(0). Then Theorem 6.2.2 is deduced from the following theorem. Proof of Theorem 6.2. 3 . We do induction on the dimension of Z. If Z is empty, define its dimension to be −1. When Z is of dimension −1, the theorem is trivial. Now the induction hypothesis is that the theorem holds for lower dimensions. Suppose that there is a sequence {x n } ∞ n=1 of ordinary CM points in Z ǫn − Z with ǫ n → 0. Let z n ∈ U 1 (k) be a point over red(x n ) ∈ U o (k). We will find a contradiction.
At first, we have some reduction steps.
(1) Let x n be of order p an with a n = (a . By passing to a subsequence, we may assume that there is a subset J ⊂ {1, ..., g(g + 1)/2} such that for j ∈ J, a (j) n are bounded, and for j ∈ J, a (j) n → ∞ as n → ∞.
(2) Note that x • n ∈ Z(K • ). We claim that Fr can does not map any infinite subsequence of {x • n } into Fr can (Z(K • )). Thus, apply a high power of Fr can , we may suppose that for j ∈ J, a (j) n = 0. We prove the claim. Suppose the claim is not true, by passing to an infinite subsequence, we may suppose that Fr can (x • n ) ∈ Fr can (Z(K • )) for every n. Consider the closed formal subscheme (Fr can ) −1 (Fr can (Z)) of U. Since x • n ∈ Z(K • ), (Fr can ) −1 (Fr can (Z)) = Z. Thus write (Fr can ) −1 (Fr can (Z)) as a union of closed formal subschemes (Fr can ) −1 (Fr can (Z)) = Z Z ′ such that Z ′ does not contain Z and x • n ∈ Z ′ (K • ). By Lemma 2.2.2, every x n is contained in the ǫ n -neighborhood of Z Z ′ . Let Z 1 be the union of irreducible components of Z Z ′ dominant SpfF • , whose components have dimensions less than the dimension of Z. By Lemma 2.2.3, there exists δ ∈ K • − 0 such that every x n is contained in the ǫ n /δ-neighborhood of Z 1 . Since the adic generic fiber of Z 1 is contained in Z, no x n is contained in the adic generic of Z 1 . Apply the induction hypothesis to each irreducible component of Z 1 , we get a contradiction.
(3) Since F ⊂ L cycl , we may assume that there exists a positive integer N such that
By passing to a subsequence, we may assume that for j ∈ J, a j n > N for all n. Up to replacing x n by its Gal(L cycl /F )-conjugation, we may assume that x n is a µ-generator w.r.t. the basis (6.3) (see Definition 16) .
We finished the reduction steps. Now we prove the theorem. Let X be the restriction of X (0) perf to the adic generic fiber of U K • . Then X = Spa(R, R + ) where (R, R + ) is a perfectod affinoid (K, K • )-algebra. Letx n ∈ π −1 (x n,K ) ⊂ X be chosen as in Lemma 5.3.1. Let f ∈ O(U) be in the defining ideal of Z, and regard f as an element of R + by the inclusion O(U) ⊂ R + . Then we have |f (x n )| → 0 as n → ∞, and we are going to show that ( 6.4) |f (x n )| = 0 for an infinite subsequence of {x n } ∞ n=1 . If so, by taking a finite set of generators of the defining ideal of Z, we have x n ∈ Z for an infinite subsequence of {x n } ∞ n=1 , which is a contradiction. The restriction of X (0) perf,♭ to the adic generic fiber of U o ⊗ K ♭• is X ♭ = Spa(R ♭ , R ♭+ ). Let S n be the coordinate ring of (Fr n ) −1 (U o ), then we have natural inclusions S n−1 ֒→ S n . Let S = S n , then R ♭+ is the ̟ ♭ -adic completion of S ⊗ K ♭• . Let X n be the adic generic fiber of SpecS n ⊗ K ♭• , and π n : X ♭ → X n be the natural morphism. Replace {x n } by the subsequence with |f (x n )| ≤ ̟ 1−b+M . By (2.3) , we have |g c (π n(c) (ρ(x n )))| ≤ ̟ 1−b+c for c = 1, ..., M . So
Let c = 1, and let i 0 be the minimal i such that H 1,i = 0. So i 0 < 1 − b + c. If (1) happens, |G 1 (π 0 (ρ(x nm )))| → ̟ i0p n(1) , which contradicts (6.6). Thus (2) happens, i.e. there exists an infinite subsequence {n m } ∞ m=1 of {1, 2, ...} such that H 1,i0,zn m (y nm ) = 0. Replace {1, 2, ...} by the infinite subsequence {n m } ∞ m=1 and do this process for the second minimal i such that H 1,i = 0, and so on. Finishing the finitely many i's for c = 1, then do the same process for c = 2, ..., M . Thus we find an infinite subsequence {n m } ∞ m=1 of {1, 2, ...} such that H c,i,zn m (y nm ) = 0 for every c = 1, ..., M and corresponding i's. The lemma follows Remark 6.2.5. The proof of is similar to the one for Lemma 2.4.3, and Corollary 6.1.3 is an analog of the fact that the only valuation on k is the trivial one. Appendix A. Some results on torsion points of abelian varieties A. 1 . Finite fields. We at first recall a result of Poonen [13] . Let k =F p .
Theorem A. 1.1. [13] Let A be an abelian variety defined over k, and V an irreducible closed subvariety of A. Let S be a finite set of primes. Suppose that V generates A, then the composition of
is surjective, where pr l is the projection to the l-primary component. (2) As a subgroup of A(L)[p ∞ ], T has a Gal(L/L)-direct summand.
We have a Corollary of Lemma A. 2 
